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ABSTRACT

Context. The calculation of the emerging radiation from a model atmosphere requires knowledge of the emissivity and absorption
coefficients, which are proportional to the atomic level population densities of the levels involved in each transition. Due to the
intricate interdependency of the radiation field and the physical state of the atoms, iterative methods are required in order to calculate
the atomic level population densities. A variety of different methods have been proposed to solve this problem, which is known as the
Non-Local Thermodynamical Equilibrium (NLTE) problem.
Aims. Our goal is to develop an efficient and rapidly converging method to solve the NLTE problem under the assumption of statistical
equilibrium. In particular, we explore the usability of a Jacobian-Free Newton-Krylov (JFNK) method, which does not require an
explicit construction of the Jacobian matrix, by estimating the new correction with a Krylov-subspace method.
Methods. We have implemented a NLTE radiative transfer code with overlapping bound-bound and bound-free transitions, which
solves the statistical equilibrium equations using a JFNK method, assuming a depth-stratified plane-parallel atmosphere. As a refer-
ence, we have also implemented the Rybicki & Hummer (1992) method based on linearization and operator splitting.
Results. Our tests with the FALC model atmosphere and two different 6-level Ca ii and H i atoms show that the JFNK method can
converge faster than our reference case, by up to a factor 2. This number is evaluated in terms of the total number of evaluations of the
formal solution of the radiative transfer equation for all frequencies and directions. This method is also capable of reaching a lower
residual error compared to the reference case.
Conclusions. The Newton-Krylov method developed in this study poses a new alternative to solve the NLTE problem. Because
it is not based on operator splitting with a local approximate operator, it can improve the convergence of the NLTE problem in
highly scattering cases. One major advantage of this method is that it should allow for a direct implementation of more complex
problems, such as having overlapping transitions from different active atoms, charge conservation or a more efficient treatment of
partial redistribution, without having to explicitly linearize the equations.
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1. Introduction

The statistical equilibrium equations describe the radiative and
collisional transitions between the different levels of a model
atom (see, e.g., Hubeny & Mihalas 2014). When the collisional
terms dominate the rate equations, the assumption of Local Ther-
modynamical Equilibrium (LTE) is usually adequate and the
atomic level population densities (hereafter population densities)
can be obtained analytically using the Saha-Boltzmann equa-
tions. But when the radiative terms become relevant, the radia-
tion field greatly influences the population densities (NLTE). Be-
cause of this cross-dependence of the population densities with
the radiation field, the NLTE problem must be solved iteratively
in order to make them consistent with each other. Moreover, the
non-locality of the radiation field increases the complexity of the
problem and its complexity because all grid cells must be solved
simultaneously.

Early attempts solved the rate equations using Lambda itera-
tion, which is based on the fixed point iteration method (see, e.g.,
Hubeny & Mihalas 2014). However, such scheme presents very
poor convergence properties, and it is unusable in practice. Auer
& Mihalas (1969) proposed a complete linearization method (of
the second order transfer equation) to solve the structure and ra-
diation emerging from static stellar atmospheres. Their imple-

mentation traded off physical accuracy in order to make the prob-
lem computationally tractable, but it inspired future develop-
ments in the field (see below). A different approach, introduced
by Rybicki (1972), utilized the core saturation approximation to
eliminate passive photon scatterings in the line core, while only
keeping the much more efficient scatterings in the line wings.
The latter improved the conditioning of the rate equations, al-
lowing traditional Lambda iteration to converge in a reasonable
(yet large) number of iterations.

The most successful methods to solve the statistical equi-
librium equations are based on the operator splitting technique
(Cannon 1973) combined with a linearization of the problem
(e.g., Auer & Mihalas 1969; Scharmer & Carlsson 1985; Ry-
bicki & Hummer 1992). Scharmer & Carlsson (1985) linearized
the first order radiative transfer equation and the rate equations
with respect to the population densities until they could derive
a linear system to estimate a correction. (Rybicki & Hummer
1992, RH92 hereafter) followed a slightly different approach,
replacing some of the quantities that depend on the population
densities with the value from the previous iteration. The funda-
mental difference between these two methods is that the com-
plete linearization method of Scharmer & Carlsson (1985) is a
minimization method of the error in the rate equations, whereas
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the RH92 method is closer to the fixed point iteration method
but uses the operator splitting technique to drive the solution.
Furthermore, the complete linearization method of Scharmer &
Carlsson (1985) operates on the source function whereas the
RH92 method operates on the emissivity, allowing for a simpler
treatment of overlapping (active) transitions and partial redistri-
bution effects (Uitenbroek 2001; Leenaarts et al. 2012; Sukho-
rukov & Leenaarts 2017).

The performance of these methods is largely determined by
the choice of the approximate operator. The simplest diagonal
(local) operator (Olson et al. 1986) decouples the explicit depen-
dence of the rate equations with respect to space and it requires
a minimal amount of storage and operations, making it a great
choice for multi-dimensional problems (e.g., Leenaarts & Carls-
son 2009; Amarsi et al. 2018). The trade off is that it ignores
information about the non-local contribution to the intensity and
where it originates from. A better prediction of the mean inten-
sity can be attained by using the single-point quadrature global
operator (Scharmer 1981; Scharmer & Nordlund 1982), greatly
inspired by the Eddington-Barbier approximation (Milne 1921;
Eddington 1926; Barbier 1943). Although it only requires one
coefficient per ray and direction (two if linear interpolation is
used), the equations become spatially-coupled again and they
must be solved together. Schemes using the global operator gen-
erally converge in less iterations than those using the local oper-
ator. Several codes with implementations of the complete lin-
earization (Carlsson 1986; Hubeny & Lites 1995) and RH92
(Uitenbroek 2001; Leenaarts & Carlsson 2009; Pereira & Uiten-
broek 2015; Socas-Navarro et al. 2015; Amarsi et al. 2018; Milić
& van Noort 2018; Osborne & Milić 2021) methods have been
extensively used by the solar and stellar communities.

A common way of solving non-linear systems of equations
is the Newton-Raphson method (Raphson 1690; Newton 1736).
The main limitation to applying it to the statistical equilibrium
equations is the expensive calculation of the Jacobian matrix that
is required in each iteration. In this paper, we propose to use
a modification of the Newton-Raphson method known as the
Jacobian-Free Newton-Krylov method (Knoll & Keyes 2004),
to solve the radiative transfer problem. In this method, the Ja-
cobian matrices are neither inverted nor built or stored. Instead
an iterative inversion solver based on Krylov subspaces (Krylov
1931) is used to estimate the Newton-Raphson correction to the
unknowns. This method has already proved to be efficient in sev-
eral fields such as hydrodynamics or neutron scattering prob-
lems. Compared to the method of Scharmer & Carlsson (1985),
our method does not require any explicit linearization of the rate
and radiative transfer equations and it does not utilize the opera-
tor splitting.

In section 2 we introduce the numerical problem under con-
sideration and the proposed numerical method for its resolution,
in sec. 3 we discuss our results and in sec. 4 we summarize our
conclusions and discuss potentially interesting developments for
future studies.

2. Problem & Methods

2.1. Mathematical description of the problem

2.1.1. Theory

In this paper, we adopt the notation used in Uitenbroek (2001)
to express the statistical equilibrium equations. We furthermore
assume plane-parallel geometry hereafter. In all equations, un-
less mentioned otherwise, lower indices refer to atomic levels

whereas upper indices refer to depth points within the atmo-
sphere. The RH92 notation elegantly unifies the expressions for
bound-bound and bound-free transitions, allowing for a very
clean implementation of the rate equations. For a bound-bound
transition between a lower level i and upper level j, we can de-
fine:

Vi j =
hν
4π

Bi jϕi j(ν, µ), (1)

V ji =
hν
4π

B jiψi j(ν, µ), (2)

U ji =
hν
4π

A jiψi j(ν, µ), (3)

where A ji, B ji and Bi j are the Einstein coefficients, ϕi j and ψi j
are the line absorption and emission profiles. ν is the frequency
and µ the line-of-sight angle cosine. Similarly, for bound-free
transition we can define:

Vi j = αi j(ν), (4)

V ji = neΦi j(T ) exp
{
−

hν
kBT

}
αi j(ν), (5)

U ji = V ji

(
2hν3

c2

)
, (6)

where αi j is the photoionization cross-section, ne is the electron
density and Φi j(T ) is the Saha-Boltzmann function evaluated at
temperature T :

Φi j(T ) =
gi

2g j

( h2

2πmekBT

)3/2
exp

{E j − Ei

kBT

}
, (7)

where g denotes the level statistical weight, E the level energy
and me is the mass of the electron. In practice, these expressions
can be further simplified using the Einstein relations between
coefficients to obtain:

V ji = gi jVi j, (8)

U ji = gi j

(
2hν3

c2

)
Vi j. (9)

For bound-bound transitions, assuming complete-redistribution
of scattered photons, gi j = gi/g j. For bound-free transitions:

gi j = neΦi j(T ) exp
{
−

hν
kBT

}
=

n∗i
n∗j

exp
{
−

hν
kBT

}
, (10)

where the ∗-superindex denotes the LTE atomic level population.
We can now write the rate equations as a function of Vi j, re-

gardless of whether we are considering bound-bound or bound-
free transitions. Let us recall the rate equation for the atomic
level i at depth index k :∑

p

{
nk

p(Ck
pi + Rk

pi)
}
=

∑
p

{
nk

i (Ck
ip + Rk

ip)
}
, (11)

where nk
i is the population density of the atomic level i at depth

index k. Ck
i j and Rk

i j are respectively the collisional and radiative
rate coefficients of the transition i → j at depth index k with
Ck

ii = Rk
ii = 0. The radiative rate coefficients can be expressed

as a double integral over angle and frequency of the intensity
(Uitenbroek 2001):

Rk
i j =

1
2

∫ 1

−1
dµ

∫ ∞

0

dν
hν

Vk
i jI

k
µν(n) i < j (12)

Rk
ji =

1
2

∫ 1

−1
dµ

∫ ∞

0

dν
hν

[(2hν3

c2

)
+ Ik

µν(n)
]
gk

i jV
k
i j i < j (13)
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for a plane-parallel atmosphere. Expressions for Vk
i j and gk

i j are
given in Eqs. 1-10 for bound-bound and bound-free transitions.
The last component Ik

µν is the intensity in direction µ at frequency
ν and at depth index k. The vector n contains the population
densities with the chosen structure (n1

1, ..., n
1
Nℓ
, ... , nNz

1 , ..., n
Nz
Nℓ

)T

where Nz and Nℓ are respectively the number of depth points and
active atomic levels. While all the other quantities do not depend
of the population densities, the intensity involves them all in a
non-linear and non-local fashion through the radiative transfer
equation (RTE):

Iµν(τµν) =
∫ ∞
τµν

S µν(t)e−(t−τµν)dt µ > 0 (14)

Iµν(τµν) =
∫ 0
τµν

S µν(t)e−(τµν−t)dt µ < 0 (15)

where S µν = ηµν/χµν is the source function, χµν and ηµν are re-
spectively the total opacity and emissivity, which can be calcu-
lated through:

χµν = χc + χsca +
∑

i

∑
j>i

Vi j

(
ni − gi jn j

)
(16)

ηµν = ηc + χscaJν +
∑

j

∑
i< j

(2hν3

c2

)
gi jVi jn j (17)

where the subindex "c" refers to the background continuum con-
tribution and "sca" indicates the background scattering contribu-
tion, which are assumed to be independent with respect to the
active population densities. The presence of the mean intensity
Jν in the scattering term of Eq. 17 could complexify the calcu-
lations as it depends of the intensity, which in turn depends on
opacities and emissivities. But since those scattering terms do
not originate from active transitions of the atom, we use a previ-
ous estimation of the mean intensity J†ν instead of Jν in Eq. 17.
The optical thickness τµν is obtained by integrating the opacity
over depth:

τµν(z) =
1
|µ|

∫ z

0
χµν(z′)dz′ > 0. (18)

Equation 11 describes a system of Nℓ × Nz equations and
variables nk

i in which Nz equations are redundant. Therefore we
replace one rate equation by a particle conservation equation per
depth-point:∑

p

nk
p = nk

tot, (19)

where nk
tot is the total atom density at depth index k and is kept

constant. The replacement is done on the most populated atomic
level, at each depth point for numerical stability purposes.

Finally, the system of equations is reformulated as:

Fk
i (n) def

=
∑

p

{
nk

i (Ck
ip + Rk

ip) − nk
p(Ck

pi + Rk
pi)

}
. (20)

for radiative rate equations and:

Fk
i (n) def

= nk
tot −

∑
p

nk
p (21)

for mass conservation equations. Altogether, these equations
form a residual vector F(n) with the same dimension as n. Solv-
ing the system of equations for the vector of population densi-
ties n is therefore equivalent to finding the root of the residual

vector F. The calculation of F for a given atmosphere and popu-
lation densities is detailed in algorithm 1. The residual vector is
the central part of the solving process and constitutes the major
computational cost of it. Thus, we evaluate the performance of
a solver by the number of computations calculations of F (here-
after calls) needed to solve the problem to a given precision.

Algorithm 1: Calculation of the residual vector F
Data: a population densities vector n, an estimation of J
Result: F(n), possibly a new estimation of J
for ν = ν1, ..., νNν

do
J†ν ← Jν;
if updating J then

Jν ← 0;
end
for µ = µ1, ..., µNµ

do
χµν ← Eq. 16;
ηµν ← Eq. 17;
Sµν ← ηµν/χµν;
Iµν ← Eq. 22 and 23;
for transitions i→ j with j < i, for all z do

Ri j ← Ri j + (µ, ν)-contribution of Eq. 12;
R ji ← R ji + (µ, ν)-contribution of Eq. 13;

end
if updating J then

Jν ← Jν + ωµIµν;
end

end
end
F← 0;
for transitions i→ j with j < i do
κ← ni(Ci j + Ri j) − nj(C ji + R ji);
Fi ← Fi + κ;
F j ← F j − κ;

end
for k = 1, ...,Nz do

i← { j ; nk
j = maxp(nk

p)};
Fk

i ← nk
tot −

∑
p nk

p;
end

2.1.2. Discretization of the RTE

In practice when computing the radiative rates, the angular
and frequency integrals are discretized according to quadra-
ture schemes and yield quadrature coefficients (ωµ, ων) for each
set (µ, ν). Equations 14 and 15 are discretized along the depth
axis and the involved integrals can be calculated assuming a
depth dependent profile for S µν. Such profile is usually taken
as simple piecewise polynomial functions. In this paper, we con-
sider piece-wise linear functions (Olson & Kunasz 1987) which
yields:

Ik
µν = Ik+1

µν e−∆τ
k
µν + akS k

µν + bkS k+1
µν µ > 0 (22)

Ik
µν = Ik−1

µν e−∆τ
k−1
µν + ak−1S k

µν + bk−1S k−1
µν µ < 0 (23)

where the coefficients ak and bk are given in appendix A.1 and

∆τk
µν ≈

1
2|µ|
|zk − zk+1|(χk

µν + χ
k+1
µν ) (24)

is the optical tickness of the slab.
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At the top of the atmosphere, we assume that there is no
incoming radiation. The deepest point in the atmosphere is as-
sumed to be thermalized so that the intensity at this location is
the Planck function Bν:

INz
µν = Bν(T Nz ) µ > 0 (25)

I1
µν = 0 µ < 0 (26)

The angular integrals are evaluated using a Gauss-Legendre
quadrature defined in ]0, 1[. For each angle the incoming
and outgoing rays are evaluated in the calculation of J. The
number of quadrature points is a parameter set by the user. We
normally run with five quadrature points with two rays per angle.

2.2. The Newton-Raphson method

2.2.1. Basics

Solving the system of non-linear equations F(n) = 0 for the
vector n may be achieved through several numerical iterative
methods. The Newton-Raphson method is one of the simplest
and most powerful ones (e.g., Press et al. 2002). If n(p) is the
estimation of the solution on the pth iteration, the next iterate
n(p+1) is sought such that F(n(p+1)) = 0. If we further define
δn(p) = n(p+1) − n(p) as the pth incremental, the Newton-Raphson
method relies on a linearization of F(n(p+1)):

0 = F(n(p+1)) = F(n(p) + δn(p)) ≈ F(n(p)) + JF(n(p))δn(p) (27)

where we have introduced the Jacobian matrix JF associated to
the residual vector F and evaluated at n(p). A possible represen-
tation of JF is given in Fig. 1. Solving the latter linear system for
δn(p) yields:

δn(p) = −J−1
F (n(p))F(n(p)), (28)

from which one may compute the next iterate n(p+1). This new
estimation is a priori not a solution to F(n) = 0, although the it-
erative process ensures in the best cases a quadratic convergence
to a solution (e.g., Dennis Jr & Schnabel 1996). The initial guess
n(0) might be given for instance by the LTE or the radiation-free
predictions of the population densities. The linearization intro-
duced by the Newton-Raphson method only consists in a mean
to solve the raw statistical equations whereas RH92 solves a lin-
earized, approximated version of the problem.

2.2.2. Limitations of the Newton-Raphson method

We note that δn(p) might also lead to a poorer estimation of the
solution. This behaviour can occur when the correction δn(p) lies
beyond the domain of linearity of the residual vector around the
evaluation vector n(p). A simple way to overcome this behaviour
is to limit the incremental vector with a dampening factor α and
try α = 1, 0.5, 0.25, ... until ||F(n(p) + αδn(p))|| < ||F(n(p))||. This
procedure is the simplest of the so-called line search methods, al-
though more elaborated ones exist (see Dennis & Schnabel 1996,
for instance).

A second problem deals with the possibility to produce so-
lution estimations with negative entries. While mathematically
correct, a solution estimation with negative population densities
is physically incorrect and the solver may even overflow when
solving the RTE. A possible solution to prevent negative entries
consists in limiting the correction at each depth independently.

A third and inherent problem of the Newton-Raphson
method deals with the quality of the initial guess. The initial
guess is usually an important factor in the method’s convergence
rate or even the method’s failure. The method will not converge
or ventures outside the domain of definition of F if a poor start-
ing point is given. The method may also be trapped in a local
minimum of the residual vector, which can be difficult to spot.
Several tools such as continuation methods can be used to build
a robust solver based on the Newton-Raphson method. More de-
tails are given in Knoll & Keyes (2004).

The Newton-Raphson requires the knowledge of the inverse
of a Jacobian matrix J−1

F at each iterative step. Several issues can
potentially arise when computing such quantities:

1. Implementation: most problems do not have an analytical
expression for JF and an approximation needs to be given
(for instance, by finite differences). Hence the convergence is
likely to be less than quadratic. In the worst case the method
may fail if the approximation is too coarse.

2. Storage: for large problems, storing JF can be problematic.
3. Time consumption: inversion of JF quickly becomes time

consuming as the size of the problem increases, considering
traditional inversion routines such as Gauss-Jordan elimina-
tion. The computation of the full Jacobian might also be ex-
pensive.

D
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Depth we are perturbing

Fig. 1. The Jacobian matrix structure for a Nℓ-level atom problem. JF
is a (NℓNz) × (NℓNz) matrix that contains the derivative of the residual
vector components with respect to the population densities. This matrix
could be seen as a Nz×Nz block matrix where each block Jkℓ is a Nℓ×Nℓ

matrix. Jkℓ stores the derivatives of F at depth index k with respect to
the population densities at depth index ℓ.

The radiative transfer problem we are considering disqualifies a
classical Newton-Raphson method mainly because of the com-
putational cost derived from building of JF , even when using
analytical expressions. Using the Newton method therefore re-
quires the information of the Jacobian matrices without or par-
tially building them in order to keep an efficient solver. The next
sections will progressively detail a way to bypass this thorny
problem.

2.3. Iterative inversion: Krylov methods

Equation 28 is equivalent to a linear system of the form Ax = b
where A = JF(n(p)), x = δn(p) and b = −F(n(p)). This linear
system can be solved for x without inverting A using iterative
approaches such as Krylov methods. In short, Krylov methods
are used to solve large linear systems through projections onto a
Krylov subspace Ks:

Ks = span(r0,Ar0,A2r0, ...,As−1r0),
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where r0 = b − Ax0 is the initial residual vector built from the
initial guess x0. Since x is meant to represent a Newton-Raphson
correction, a typical initial guess would be zero and thus r0 = b
(we are considering that no correction is required initially). An-
other initial condition might be given by the solution to Px0 = b
where P is a preconditioner (§2.4.3). Then, the solution is esti-
mated as:

x − x0 =

s∑
i=1

κiqi, (29)

where the set of vectors (q1, ..., qs) is a basis of Ks and (κ1, ..., κs)
are the corresponding coordinates. The purpose of a Krylov
method is therefore to construct a basis of Ks then determine the
corresponding scalars κi through projection methods. This con-
struction is done iteratively in s iterations (one iteration per basis
vector). Each iteration adds a new component to the solution es-
timation. The solution is sought such that ||r||2 = ||b − Ax||2 <
δ||r0||2 where δ is a relative tolerance set by the user. We note that
the given tolerance might be achieved in less than s iterations.

The size of the Krylov subspace is related to the precision
of the solution one can achieve, the latter also depending of the
method employed. If s is too small, the desired tolerance level
might not be achieved. On the other hand, if s is chosen to be
equal to the size of A, a Krylov method will eventually converge
to the exact solution in theory. In practice, round-off and trun-
cation errors will limit the maximum precision one can expect.
From the definition of Ks, one may note that only matrix-vector
products are required in such methods, which is the keystone of
§2.4.

A plethora of Krylov methods has been developed over the
past decades among which two popular techniques and their re-
spective variants are broadly used in various physics problems:

1. The Generalized Minimal RESidual method (GMRES) is
usually based on the Arnoldi process or Householder trans-
forms to produce orthonormalized bases. It was first devel-
oped in Saad & Schultz (1986) as an improvement and an
extension to nonsymmetric matrices of the MINRES method
developed by Paige & Saunders (1975). It is a very versatile
linear system solver.

2. The Bi-Conjugate Gradient STABilized (BiCGSTAB) is
based on the Lanczos bi-orthogonalization procedure which
generates non-orthogonal bases. It was first developed in
van der Vorst (1992) as a variant of the biconjugate gradi-
ent method (BiCG).

Both methods can be used with any invertible matrix. GMRES
requires one matrix-vector product per iteration whereas two are
needed with BiCGSTAB but the latter requires less memory than
GMRES. This is especially true whenever the number of itera-
tions required for convergence is large, since BiCGSTAB uses
a constant amount of memory per iteration and GMRES does
not. The most crucial feature of GMRES is a strict decrease of
the residual norm ||r||2 throughout the iterative process whereas
the convergence behavior of BiCGSTAB is less regular (van der
Vorst 1992).

2.4. Jacobian-Free Newton-Krylov methods

2.4.1. Setup

We still have not addressed the problem of the Jacobian ma-
trix estimation and the potential high computational cost it rep-
resents. Fortunately, Krylov methods applied to the Newton-
Raphson iteration (Eq. 28) only require the action of the Jacobian

matrix JF onto a generic vector v (see §2.3). It turns out that the
operation JF(n(p))v can be approximated using finite differences
(e.g., Knoll & Keyes 2004):

JF(n(p))v =
F(n(p)+ϵ v

||v||2
)−F(n(p))

ϵ
+ O(ϵ) forward (30)

JF(n(p))v =
F(n(p))−F(n(p)−ϵ v

||v||2
)

ϵ
+ O(ϵ) backward (31)

JF(n(p))v =
F(n(p)+ϵ v

||v||2
)−F(n(p)−ϵ v

||v||2
)

2ϵ + O(ϵ2) central (32)

where ϵ is the difference step. Such schemes do not use the Jaco-
bian matrix but rather extra calls of F, which is a huge com-
putational and storage gain especially for large problems but
at the cost of precision. This is the keystone of Jacobian-Free
Newton-Krylov solvers (hereafter JFNK). Such methods were
first presented by Knoll & Keyes (2004). Since the residual vec-
tor F(n(p)) is already computed and passed to the Krylov solver,
first order schemes (forward and backward) only require one
fresh call of F. In comparison, the second order scheme (central)
requires two fresh calls of F which is a major drawback. In our
problem, every evaluation of F translates into solving the radia-
tive transfer equation for all rays at all frequencies for a given n.
We also note that the finite-differences calculations in Eq. 30-32,
do not estimate the individual elements of the Jacobian matrix,
but rather are used to directly estimate the matrix-vector product.

Since the Newton-Raphson method is iterative, the matrix-
vector products estimations are only needed to be accurate
enough to guarantee convergence. This is the main reason why
the vast majority of JFNK solvers are using first order schemes
rather than higher order ones (Knoll & Keyes 2004). In practice,
round-off and truncation errors may occur and an optimal choice
of ϵ is hard to find. The first source of error is caused by the fi-
nite arithmetic precision of computers while the second source
of error is due to the limited accuracy of the scheme. Several
yet empirical choices for ϵ are further detailed in Knoll & Keyes
(2004) to minimize both sources of error.

2.4.2. Augmentation of numerical precision with complex
numbers

Although, for the considered problem, the components of n(p)

cover a wide range of values: for instance, considering a two
level hydrogen atom in a FALC atmosphere, the LTE popula-
tion densities cover the range 104 up to 1017 cm−3. This leads to
large values of ϵ considering the empirical choices. A rescaling
of the densities is possible to keep reasonable ϵ values. How-
ever the large span of densities remains problematic within the
residual vector F itself and leads to round off errors. Thus, the
usual numerical derivative schemes are not suited for the given
problem. Luckily, there is an alternative scheme that uses com-
plex numbers to increase the precision and dynamic range of the
calculations, which is far less affected by round off errors or sub-
stractive cancellations (Dennis Jr & Schnabel 1996):

JF(n(p))v =
Im[F(n(p) + iϵv)]

ϵ
+ O(ϵ2) (33)

where i is the imaginary unit. This special scheme only requires
one fresh call of F and is second-order accurate as the central dif-
ference scheme. It however requires to set up the main routines
for complex arithmetic operations. We used the linear piece-
wise source function scheme described in §2.1 to integrate the
radiative transfer equation along rays, for which the modifica-
tions are straightforward. The remaining truncation error can be
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greatly attenuated by selecting a tiny ϵ value. Dennis Jr & Schn-
abel (1996) recommend a typical value ϵ ∼ 10−200 for double-
precision functions. Note that the imaginary part is only used for
the Krylov solver, otherwise only the (unperturbed) real part is
considered. Since the imaginary part is typically very small com-
pared to the real part, one should linearize equations that involve
the perturbations (e.g. computing the source function). This pre-
vents introducing undesired arithmetic errors. Fig. 2 points out
a typical accuracy issue in the computation of the Jacobian ma-
trices when using traditional schemes. The complex scheme is
the only one that can provide accurate estimations of Jacobian
matrices for our given NLTE problem. For this sole reason, the
complex scheme is the one that we use in our JFNK solvers.

2.4.3. Preconditioning

Although we have introduced an accurate method to evaluate
the matrix-vector products JF(n(p))v, the Jacobian matrix may
potentially be ill-conditioned. Consequently, the Krylov solver
may require many iterations to converge to the desired tolerance
because of the high condition number of JF(n(p)). Therefore we
propose to precondition the Krylov solver in order to increase its
efficiency. The preconditioning process consists in using a pre-
conditioning matrix P (the preconditioner) such that JF(n(p))P−1

(right preconditioning) or P−1JF(n(p)) (left preconditioning) has
a lower condition number than JF(n(p)). The system to be solved
by the Krylov solver is not given by Eq. 28 anymore but rather
by:

(JF(n(p))P−1)(Pδn(p)) = −F(n(p)) (34)

for right preconditioning and:

(P−1JF(n(p)))δn(p) = −P−1F(n(p)) (35)

for left preconditioning. The preconditioned system is expected
to be solved in less iterations than the original system. Equation
34 is solved for y = Pδn(k) first then for δn(k). In our solvers, we
will use the left preconditioning, since the right precondition-
ing involves an extra inversion step. The matrix-vector product
scheme (Eq. 33) can be adapted for such a system and reads:

JF(n(p))(P−1v) =
Im[F(n(p) + iϵ(P−1v))]

ϵ
+ O(ϵ2). (36)

Because the preconditioner is meant to improve the overall per-
formance of the inversion process, P should be easy to calcu-
late and invert. A commonly used algebraic preconditioner is
given by the diagonal or block diagonal of the matrix one at-
tempts to invert (easy inversion and matrix-vector multiplica-
tion). This simple matrix is also known as a Jacobi (or block-
Jacobi) preconditioner. This choice is particularly interesting in
our case because the block diagonal of JF(n(p)) is as costly to
compute as a call of F (see §2.1 and §2.5.1). We note however
that other physics-based preconditioners could be very relevant
for our case, as presented in Janett et al. (2024) for solving linear
problems. The calculation of such a preconditioner can be per-
formed when calculating F(n(p)), thus reusing most of the vari-
ables that were already computed to obtain the residual vector.
Algorithm 2 illustrates the final JFNK solving routine.

2.5. Analytical Jacobian matrix

In this part, we derive the expressions of the Jacobian matrix
elements as a function of the population densities. In principle,

Algorithm 2: JFNK solver

Data: an initial population densities vector n(0), an
initial estimation of J, a Newton-Raphson
tolerance f tol, a Krylov tolerance rtol, a
maximum number of iterations maxiter

Result: A solution vector n, a mean intensity
estimation J

niter ← 0;
err ← 1 + f tol;
f ← F(n(0)) ▷ update the preconditioner P;
while niter < maxiter and err > f tol do

x0 ← 0 or x0 ← −P−1 f ▷ initial guess;
δn← solution of Eq. 35 with a Krylov solver using
Eq. 33;

nprev ← n;
n← n+ δn;
f ← F(n) ▷ update J and P;
err ← ||(n− nprev)/(n+ nprev)||∞;
niter ← niter + 1;

end

these equations could be used to compute the fully analytical
Jacobian matrix. While the calculation of the full Jacobian is
expensive, it is at least important to detail such derivations for
preconditioning purposes (§2.4). A more general derivation is
provided in Milić, I. & van Noort, M. (2017) for derivatives ac-
cording to any atmospheric parameter. The Jacobian element Jkℓ

i j
can be calculated as follows:

Jkℓ
i j =

(∂Fk
i

∂nℓj

)
=

∂

∂nℓj

(∑
p

{
nk

i (Ck
ip + Rk

ip) − nk
p(Ck

pi + Rk
pi)

})
(37)

unless Fk
i is a particle conservation equation in which case the

Jacobian element is simply given by:

Jkℓ
i j =

∂

∂nℓj

(
nk

tot −
∑

p

nk
p

)
= −δkℓ (38)

where we used the fact that the population densities nk
i are con-

sidered to be independent variables and that nk
tot is kept constant,

therefore:

∂nk
i

∂nℓj
= δkℓδi j. (39)

In Eq. 37, the collisional coefficients do not depend on the pop-
ulation densities. Applying the chain rule to Eq. 37 yields:

Jkℓ
i j =

(∂Fk
i

∂nℓj

)
= δkℓΓ

k
i j + Akℓ

i j (40)

where:

Γk
i j = δi j

∑
p

(Ck
ip + Rk

ip) − (Ck
ji + Rk

ji) (41)

Akℓ
i j =

1
2

∫ 1

−1
dµ

∫ ∞

0

dν
hν
αk

i

(∂Ik
µν

∂nℓj

)
(42)

αk
i =

∑
p>i

{
Vk

ip(nk
i − gk

ipnk
p)
}
−

∑
p<i

{
Vk

pi(n
k
p − gk

pin
k
i )
}

(43)
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Fig. 2. The Jacobian matrix estimation error for the 3-level Ca ii setup, evaluated at the LTE populations and for the different schemes. The
difference steps ϵ1 and ϵ2 are common choices (Knoll & Keyes 2004) and read: ϵ1 =

∑Nℓ ,Nz
i,k=1 b|(nk

i )(p)|/(NℓNz||v||2) + b where b = 10−6 and

ϵ2 = ϵ
1/r
mach

√
1 + ||n(p)||2/||v||2 where ϵmach is the machine epsilon for double precision numbers, r = 2 for forward and backward schemes and r = 3

for the central scheme. The logarithm of the absolute error (colorbar) is clipped below −16. First and second order (i.e. forward / backward and
central) schemes are terrible at evaluating the Jacobian matrix whereas the complex alternative highlights a remarkable precision.

by noticing that the derivative of the radiative rates only involves
the derivative of the intensity Ik

µν with respect to nℓj. The extinc-
tion profile within each coefficient Vk

ip is considered to be inde-
pendent with respect to the population densities. Then, we can
expand the derivative and further write:(∂Ik

µν

∂nℓj

)
=

∑
p

{( ∂Ik
µν

∂χ
p
µν

)(∂χp
µν

∂nℓj

)
+

( ∂Ik
µν

∂η
p
µν

)(∂ηp
µν

∂nℓj

)}
(44)

because the intensity, through the RTE, is only a function of the
optical depth and the source function. One may further develop
equation 44 and write:(∂χp

µν

∂nℓj

)
= δpℓβ

ℓ
j (45)

(∂ηp
µν

∂nℓj

)
= δpℓγ

ℓ
j + χ

p
sca

(
∂Jp

ν

∂nℓj

)
(46)

where:

βℓj =
∑
s> j

Vℓ
js(1 − gℓjs) (47)

γℓj =
∑
s< j

(2hν3

c2

)
Vℓ

s jg
ℓ
s j (48)

so that Eq. 44 therefore reduces to:(∂Ik
µν

∂nℓj

)
= βℓj

( ∂Ik
µν

∂χℓµν

)
+ γℓj

( ∂Ik
µν

∂ηℓµν

)
+

∑
p

χ
p
sca

(
∂Jp

ν

∂nℓj

)( ∂Ik
µν

∂η
p
µν

)
(49)

Equation 49 consists in a linear contribution of the inten-
sity and a summation of non-linear cross terms due to the back-
ground scattering. Both derivatives involving Ik

µν depend of the

scheme one will choose to solve the RTE. Since we use the lin-
ear piecewise source function scheme detailed in §2.1, the cor-
responding expressions for the derivatives are:( ∂Ik

µν

∂χℓµν

)
=

(∂Ik+1
µν

∂χℓµν

)
e−∆τ

k
µν + ak

χδkℓ + bk
χδk+1ℓ, (50)

( ∂Ik
µν

∂ηℓµν

)
=

(∂Ik+1
µν

∂ηℓµν

)
e−∆τ

k
µν + ak

ηδkℓ + bk
ηδk+1ℓ, (51)

for outgoing rays (µ > 0), and:( ∂Ik
µν

∂χℓµν

)
=

(∂Ik−1
µν

∂χℓµν

)
e−∆τ

k−1
µν + ck

χδkℓ + dk
χδk−1ℓ, (52)

( ∂Ik
µν

∂ηℓµν

)
=

(∂Ik−1
µν

∂ηℓµν

)
e−∆τ

k−1
µν + ck

ηδkℓ + dk
ηδk−1ℓ, (53)

for ingoing rays (µ < 0) where the expressions of the different
involved coefficients are given in appendix A.2. These coeffi-
cients can be constructed from the variables used when solving
the RTE to save computational time. The boundary conditions
for this scheme (§2.1) imply that:( ∂INz

µν

∂χℓµν

)
= 0,

(∂INz
µν

∂ηℓµν

)
= 0 µ > 0 (54)

( ∂I1
µν

∂χℓµν

)
= 0,

( ∂I1
µν

∂ηℓµν

)
= 0 µ < 0 (55)

for each value of ℓ. It can be shown that Eq. 50 to 53 define two
upper (µ > 0) and two lower (µ < 0) triangular matrices:( ∂Ik

µν

∂χℓµν

)
=


0, ℓ < k
ak
χ, ℓ = k

(bℓ−1
χ + aℓχe−∆τ

ℓ−1
µν )

∏ℓ−2
i=k e−∆τ

i
µν ℓ > k

(56)
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for µ > 0 and:

( ∂Ik
µν

∂χℓµν

)
=


0, ℓ > k
ck
χ, ℓ = k

(dℓ+1
χ + cℓχe−∆τ

ℓ
µν )

∏k−1
i=ℓ+1 e−∆τ

i
µν ℓ < k

(57)

for µ < 0. These expression are valid for internal depth points.
The matrices related to the derivatives with respect to the emis-
sivities are obtained by using the associated coefficients. Such
matrices can be understood as Jacobian matrices of the intensity
with respect to opacities and emissivities.

The last part to detail deals with the derivative of the mean in-
tensity term. Through its definition, one may note that this quan-
tity involves derivatives of the intensity with respect to the pop-
ulation densities. Shortly, the full expansion of Eq. 49 consists
in an intricate, self-consistent yet linear system of the deriva-
tives of the intensity with respect to the population densities. It
is however possible to find a solution to this system which can
be written as:(∂Ik

µν

∂nℓj

)
= βℓj

( ∂Ik
µν

∂χℓµν

)
+ γℓj

( ∂Ik
µν

∂ηℓµν

)
+

∑
p

χ
p
scarp

( ∂Ik
µν

∂η
p
µν

)
, (58)

where the coefficients rp and the solution derivation can be found
in appendix B. In practice, the background scattering contribu-
tion to the derivatives is usually very weak and therefore can be
neglected.

2.5.1. Preconditioning of JFNK with the analytical Jacobian
matrix

Preconditioning the JFNK solver is troublesome if one uses the
analytical derivation of the Jacobian matrix. Indeed, computing
Eq. 49 is expensive if one is only interested in the Jacobi pre-
conditioner, because all off-diagonal terms need to be calculated.
Such an issue arises from the background scattering contribution
and one therefore has to deal with the following in order to ob-
tain the preconditioner:

– The summation in Eq. 49 involves all cross terms (k , p
terms).

– The presence of the mean intensity in the scattering term also
involves all cross terms (§2.5).

Therefore, only an approximate Jacobi preconditioner can be
used at a cost of precision and potentially convergence rate of
the Krylov solver. In this paper, we give three simple solutions to
overcome both problems and still provide a preconditioner that
dramatically improves the convergence properties of the Krylov
solver:

– The very first solution consists in disregarding the back-
ground scattering contribution. In this case, Eq. 49 becomes
for k = ℓ:(∂Ik

µν

∂nk
j

)
= βk

j

( ∂Ik
µν

∂χk
µν

)
+ γk

j

( ∂Ik
µν

∂ηk
µν

)
(59)

– The second solution consists in discarding all of the cross
terms to only keep the local one. The preconditioner further
reduces to a local operator if one uses:(∂Ik

µν

∂nk
j

)
= βk

j

( ∂Ik
µν

∂χk
µν

)
+

[
γk

j + χ
k
sca

(∂Jk
ν

∂nk
j

)†]( ∂Ik
µν

∂ηk
µν

)
(60)

where a previous estimation of the derivative of the mean in-
tensity is used instead of the current one. Such an estimation
is easily computed for the next iteration by an integration of
Eq. 60 over all angles. One can simply initialize this quan-
tity to zero (zero radiation initial guess) or calculate the mean
intensity given by the LTE solution.

– The last solution, which is the least constraining but requires
additional operations, uses the solution given by Eq. 58 while
considering only the local terms. The corresponding operator
then has:(∂Ik

µν

∂nk
j

)
= βk

j

( ∂Ik
µν

∂χk
µν

)
+

[
γk

j + χ
k
scark

]( ∂Ik
µν

∂ηk
µν

)
(61)

where the coefficient rk is:

rk =

∑
µ ωµ

[
βk

j

(
∂Ik
µν

∂χk
µν

)
+ γk

j

(
∂Ik
µν

∂ηk
µν

)]
1 −

∑
µ ωµχ

k
sca

(
∂Ik
µν

∂ηk
µν

) (62)

A preconditioner that follows one of the three solutions only re-
quires the calculation of ℓ = k terms in Eq. 49, which are only
built from the coefficients ak

χ, ak
η, ck

χ and ck
η given in appendix

A.2. Furthermore its calculation can be carried out in a compa-
rable amount of operations than computing the residual vector
F. We will use the first solution to calculate the preconditioner
since the scattering terms are negligible in Eq. 58 compared to
the other contributions, at least with the considered setups (§3.1).

3. Results & Discussion

We have ported a simplified version of the excellent RH code
(Uitenbroek 2001) to Python. The latter solves the statistical
equilibrium equations using the RH92 method, but with the pos-
sibility of including partial redistribution effects of scattered
photons (PRD). This python version does not include PRD ef-
fects and it is significantly slower than the C-version of RH.
But it is implemented using modern programming constructions
such as classes and inheritance, which has been extremely use-
ful in the implementation of our proof-of-concept JFNK solver
as we could reuse most of the atom structures, opacity calcula-
tion routines and formal solvers of the transport equation. We
use the RH92 method as a reference in order to evaluate the
performance of our JFNK method. Given that we are analyz-
ing the convergence properties of different schemes, we have not
included Ng-acceleration in our calculations (Ng 1974), which
is implemented in the RH code.

3.1. Setup

All the results presented in this paper are computed using a FAL-
C model atmosphere of the solar photosphere, chromosphere and
transition region (Fontenla et al. 1993), that consists in 82 depths
points covering the interval τ500 = [10−10, 23] where τ500 is the
optical depth at λ = 500 nm. Figure 3 depicts the stratifications
of the gas temperature, electron density and total hydrogen den-
sity. The atmosphere does not have a native line-of-sight velocity
profile.

Three different atomic setups are used consisting in H i
and Ca ii. The different transitions are listed in table 1. Each
setup also include collisional and bound-free transitions (Shull
& van Steenberg 1982; Burgess & Chidichimo 1983; Arnaud &
Rothenflug 1985). The absorption and emission profiles of each
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Fig. 3. The FALC atmosphere used in this paper. The temperature, the
total hydrogen and electron densities are shown. The height dimension
origin corresponds to τ500 = 1.

line at each location are modelled with the Voigt function which
depends on the Doppler width and the damping parameter. The
latter includes radiative, Stark, linear Stark (in calculations with
H atoms) and van der Waals broadening. The angular integrals
are discretized using a 5-points Gauss-Legendre quadrature.

We have performed our calculations using the Newton-
Raphson, JFNK (using GMRES and BiCGSTAB internally) and
the RH92 methods. Both JFNK solvers are systematically using
the Jacobi left preconditioner (§2.4.3 and §2.5.1). All solvers re-
quire an exit condition that defines a good convergence. In our
case, we keep track of the residual norm ||F||∞ as well as the pop-
ulation relative change norm ||δn/n̄||∞ = 1

2 ||(nnew−nprev)/(nnew+
nprev)||∞. Unless mentioned otherwise, we assume that a method
has converged when ||δn/n̄||∞ < 10−4. This condition is most of
the time sufficient although we also impose a minimal drop of
||F||∞ by 2 magnitudes to avoid premature exits.

3.2. Krylov solver tolerance impact

The Krylov solver that is internally used in the JFNK method
can generally have a number of parameters that must be chosen
for a given run (such as the size of the subspace or the conver-
gence criteria). In the case of simple solvers such as GMRES
or BiCGSTAB, this set of parameters reduces to the accuracy to
which the solution is desired. This single parameter steers the
behavior of the JFNK method and its convergence properties.
Thus, we have investigated the impact of the Krylov solver ac-
curacy on the stability and the efficiency of the JFNK method.

Our first test is to assess the ability of a JFNK solver to match
the Newton-Raphson solution. We would expect minimal differ-
ences between both solvers as the accuracy of the Krylov solver
increases. Figure 4 shows the convergence properties of our
solvers in the case of the 6-level H i atom setup. Several accuracy
levels are displayed to highlight the evolution of the discrepan-
cies between the different methods. The Newton-Raphson solver
outperforms JFNK solvers in every situation. By truncating the
precision of the correction provided by the Krylov solver, each
JFNK iteration becomes less accurate, usually leading to extra
iterations (compared to the standard Newton-Raphson case) in
order to achieve a given convergence level in the population den-
sities. The differences between the two methods decrease when

the precision of the Krylov solver is substantially increased.
Both JFNK solvers display similar results and converge to the
same solution. They do match the same behavior as the Newton-
Raphson solver when rtol ∼ 10−4, validating the implementation
of our solvers.

A second chart is presented in Fig. 5 and directly compares
our iterative solvers with the RH92 solver. In the JFNK method,
we would expect a range of tolerances for which the method is
optimal (with respect to the residual function calls):

– Smaller tolerances result in more precise estimations of the
inverse of the Jacobian. The JFNK method therefore requires
less Newton-Raphson iterations but the overall number of
calls to F is nonetheless higher. This is due to the extra
accuracy not being impactful enough on the convergence of
the JFNK method.

– Higher tolerances result in coarse estimations of the inverse
of the Jacobian. Even though the number of calls to F is
reduced, Newton-Raphson iterations usually yield poorer
corrections. Therefore, the JFNK method requires extra
Newton-Raphson iterations to converge. Overall, the solver
will require more calls to F.

– The optimal range thus consists in a trade-off between the
accuracy of the inverse of the Jacobian and the calls to F
needed to obtain them.

We note that overly coarse estimations of the inverse of the
Jacobian can yield an unstable behavior throughout Newton-
Raphson iterations. We have found a few situations in which this
feature can be helpful to escape potential local minima of the
residual vector, and the method can even converge in less calls
to F. But more likely, such inaccurate corrections will not lead
to the convergence of the JFNK method. For the sake of stabil-
ity, it is recommended to use a Krylov relative tolerance smaller
than ∼ 10−2.

Figure 5 (top) highlights for the 3-level Ca ii setup an opti-
mal range spanning from rtol ∼ 3 × 10−4 to ∼ 3 × 10−2. In this
range, the JFNK (GMRES) solver outperforms the RH92 solver
whereas the JFNK (BiCGSTAB) solver outperforms the latter in
a much narrower range. It is also possible to witness the irreg-
ular convergence behaviour of the JFNK (BiCGSTAB) solver
as the corresponding curve is less smooth than the JFNK (GM-
RES) solver one. In the case of a 6-level setup (Fig. 5 bottom),
one may notice there is no such optimal range. Instead, the num-
ber of residual vector calls decreases almost monotonically with
the Krylov solver tolerance. Both JFNK solvers outperform the
RH92 solver for Krylov tolerances higher than ∼ 3× 10−3 (GM-
RES) and ∼ 1×10−2 (BiCGSTAB). The JFNK (GMRES) solver
has always proven to outperform the JFNK (BiCGSTAB) solver
for most Krylov tolerances and various setups, as well as outper-
forming the RH92 solver in a wider range of Krylov tolerances
than the BiCGSTAB counterpart. Note however that the residual
vector calls from the JFNK / Newton-Raphson solvers and the
iterations of the RH92 solver are different. Therefore Fig. 5 only
makes sense if both are comparable in operations or execution
time, which is the case for our setups (see §3.3). Thus, one can
deduce that the Jacobi preconditioner allows the JFNK method
to be more efficient than the RH92 one when used optimally. Al-
though, the preconditioner is less efficient for a setup consisting
of many frequencies such as the 6-level Ca ii or H i ones. More-
over, the lack of an optimal range of Krylov tolerances points
out that the Jacobi preconditioner is not enough for such setups.
This statement also include every setup with strong scattering.
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Table 1. A summary of the different setups used in this paper. The lines of each setup are indicated as well as the number of frequency points used
per line. The Ca ii setups consists of the K line (3 levels) and the H, K as well as the IR triplet lines (6 levels). The H i setup consists of a set of
Lyman, Balmer, Paschen and Brackett lines.

Configuration Lines wavelength [Å] Frequency points
Ca ii (2 levels + continuum) 3934 100
Ca ii (5 levels + continuum) 3934 - 3968 - 8498 - 8542 - 8662 100 - 100 - 40 - 40 - 80
H i (5 levels + continuum) Ly(α,β,γ,δ) Ba(α,β,γ) Pa(α,β) Brα (150,50,20,20) (70,40,40), (20,20), 20
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Fig. 4. Comparison of the Newton-Raphson method with JFNK routines for the 6-level H i setup (zero radiation initial guess). As the Krylov solver
relative tolerance rtol becomes small, the discrepancy between the different methods reduces to truncation and round-off errors.

3.3. Performance of the solver

Table 2 shows the average execution time per call to F (or equiv-
alent for the RH92 solver) for different setups. The pure call to
F is always slightly faster to execute by the JFNK solvers than
the RH92 solver equivalent. This is due to the RH92 solver’s
method itself requiring the computation of cross-coupling terms
and the rest of the rate matrix elements in order to update the
population densities. On the other hand, computing the residual
vector and updating the preconditioner (JFNK) requires approxi-
mately twice the time of a pure F call (by a JFNK solver), which
was expected. The preconditioner update call, while more time
consuming than the RH92 solver equivalent, is only performed
once per Newton-Raphson iteration. The main contribution to
the execution time is due to the Krylov solver calls, therefore
pure residual vector estimations. As a result it can be shown that
the JFNK solver calls, as implemented in our proof-of-concept
code, do require slightly less time on average than RH92 calls
even for extreme suboptimal Krylov tolerances.

In the following part, we compare the quality of the solutions
provided by JFNK solvers with the reference RH92 case. The
convergence condition is usually given by a sufficiently small
change in the population densities. For that purpose, we use the
JFNK residual norm ||F||∞ as the metric because it is derived
from the raw equations we are attempting to solve, although
the RH92 solver is not designed to minimize the raw resid-
ual norm. Moreover, the residual norm might stall when using
RH92 because of the deepest layers of the atmosphere. Indeed,

the medium becomes strongly collisional, therefore the radiative
contribution and the changes that may occur during the solving
process do not have a significant impact. Nevertheless, we can
disregard such layers in the estimation of the residual norm be-
cause they are close to LTE. In the following, the residual norm
is evaluated considering only the first 50 points (z > 700 km) of
our atmosphere where the chromosphere is located. Not doing
this leads to a very large error in the RH92 curve, mostly driven
by deeper layers where LTE should hold. Such behavior was not
present in the JFNK calculations.

Figures 6 and 7 points out this clamped residual norm as well
as the population change norm for the Ca ii and the H i setups re-
spectively. It is clear that the RH92 solver displays a smaller con-
vergence rate for the biggest part of the solving process. JFNK
solvers on the other hand are outperformed at the beginning be-
fore the convergence rate surpasses the one of RH92 (Ca ii) or
equals the latter (H i). As an outcome, JFNK solvers can be bet-
ter performing than the RH92 one, especially if the initial guess
is close enough to the solution. Moreover, both figures show that
the solution provided by the JFNK solvers is a hundred times
more precise than the RH92 one. One should keep in mind that
the success condition is dictated by the population change norm
and not by the residual norm.

The size of the population change norm is not a good cri-
terion for convergence. Figure 8 shows that the maximum error
in the rate equations for the JFNK solver is lower than in the
RH92 case for a same correction size. The JFNK solver achieves
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Table 2. Average execution time per call for the JFNK and the RH92 solvers. Each call consists of the operations required to update the population
densities once (and optionally the preconditioner for the JFNK solvers). Note also that all codes were not designed to be optimal. The JFNK
solvers are slightly more performant than the RH92 solver (without the preconditioner update). Runs were executed on a MacBook Pro provided
with a Apple M1 Pro chip.

Setup JFNK [ms / call] JFNK (with preconditioner) [ms / call] RH92 [ms / call]
Ca ii (2 levels + continuum) 55 121 65
Ca ii (5 levels + continuum) 254 672 310
H i (5 levels + continuum) 510 1160 631
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Fig. 5. Residual vector calls required for convergence as a function of
the Krylov solver relative tolerance. Top: 3-level Ca ii setup. Bottom:
6-level Ca ii setup. Both setups use the LTE initial condition.

a lower absolute error in the residual norm than RH92 for any
given convergence condition set on the size of the population
change norm. This is not entirely unexpected, as the size of the
correction per iteration is affected by the efficiency of the solver:
for example, in the extreme case of traditional lambda iteration
leads to very small corrections with a very large error in the rate
equations (i.e. residual norm), whereas in accelerated lambda it-
eration the convergence is comparatively more efficient.

Finally, we provide in Fig. 9-10 the spectra of the 6-level
Ca ii and 6-level H i setups respectively. In both cases, the emerg-
ing spectra predicted by the RH92 and the JFNK solvers are es-
sentially identical. We note that the extra accuracy of the solution
provided by a JFNK solver does not yield noticeable changes in
the emerging intensity, and we can therefore decide to terminate
the solving process earlier and still output a similar result.

3.4. Calculations with velocity gradients

In this section we show that the JFNK solver can properly handle
non-static atmospheres with velocity gradients as a function of
depth. We have modified the FAL-C model atmosphere introduc-
ing a sharp velocity gradient around z = 1000 km, corresponding
to the lower chromosphere. Velocity gradients can be problem-
atic if the velocity jump between consecutive grid cells is larger
than approximately one third of the Doppler width (Ibgui et al.

105
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109
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||F
||

GMRES
BiCGSTAB
RH92

0 10 20 30 40 50 60
Residual function calls

10 5

10 3

10 1
||

n n
||

GMRES
BiCGSTAB
RH92

Fig. 6. Residual and population change norms during the solving pro-
cess of the 6-level Ca ii setup. The initial population densities are the
LTE ones. Both JFNK solvers are using a Krylov relative tolerance of
10−2. Each cross marker corresponds to a Newton-Raphson iteration.

2013). Under those circumstances, the discretization of the ra-
diative transfer equation can lead to artifacts in the intensity.

In order to avoid numerical artifacts in the calculation of
the intensity, we have performed a depth optimization by plac-
ing more points where gradients in temperature, density, opti-
cal depth or line-of-sight velocity are large. All quantities were
interpolated to the new depth grid by linear interpolation. The
total number of depth points was kept equal to that in the origi-
nal model. This method is essentially an extension of the depth-
optimization included in the Multi code (Carlsson 1986), which
now also accounts for the presence of velocity gradients. The up-
per left panel in Fig. 11 illustrates the artificial velocity gradient
represented in the optimized grid.

If the velocity gradient is properly sampled with sufficient
depth points, there is no fundamental reason why any of the al-
gorithms would perform very differently than in the static case.
Our convergence plots in Fig. 11 show a very similar behaviour
than those in Fig. 6 for the Ca ii atom. After a few iterations, the
residual norm ||F||∞ is lower than in the RH92 curve, whereas the
population change norm ||δn/n||∞ is larger. After approximately
80 iterations, the RH92 method has achieved a convergence (in
the residual norm) that is similar to that of the GMRES after 50
iterations.
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Fig. 7. Residual and population change norms during the solving pro-
cess of the 6-level H i setup. The initial population densities are the
zero radiation initial guess ones. Both JFNK solvers are using a Krylov
relative tolerance of 10−2. Each cross marker corresponds to a Newton-
Raphson iteration.
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Fig. 8. Residual norm of the rate equations (6-level H i setup) as a func-
tion of the population change norm for the JFNK (blue) and RH92 (red)
schemes. The Krylov relative tolerance was set to 10−2. The population
densities were initialized using the zero radiation approximation. Each
solver was run in order to achieve several Newton relative tolerances
in the population change norm (e.g., 10−1, 10−2). We then recorded the
final residual and population change norms.

The emerging intensity spectrum shows now strong asym-
metries around the core of all chromospheric lines, which be-
come progressively more blue-shifted by the presence of the
positive velocity gradient at the base of the chromosphere. The
Ca ii H&K lines (3968 Å and 3934 Å) show the well known en-
hancement of one of the k2 peaks (in the case on the red wing),
as the blue-shifted line profile in the core frequencies leaves an
opacity gap in the red wing of the line where photons can escape
more efficiently compared to the static case (Scharmer 1984).

3.5. Prospects

The proposed JFNK method can be upgraded for a better ef-
ficiency and there are several ways of doing so. The external

Newton-Raphson update does not leave much space for improve-
ment, however it might be interesting to implement a continua-
tion or a line search method to potentially reduce the number
of Newton-Raphson iterations. A nice survey of continuation
methods is given in Allgower & Georg (1993). A potentially
simple but robust modification would be to implement a hybrid
solver mixing the RH92 and the JFNK solvers. Starting with a
few RH92 iterations before switching to JFNK ones would allow
this hybrid solver to avoid the usual Newton methods deficien-
cies, as well as providing a better initial guess for the Newton-
based solver. Such behaviour was encountered when attempt-
ing to solve the problem for instance with the 6-level H i setup
starting with the LTE population densities. The performance of
our JFNK solvers otherwise reduces to how efficient the Krylov
solver can be, therefore dictated by the quality of the precondi-
tioner and the solver itself.

The Jacobi preconditioner used in the present study has
proven to be relatively inneficient in several of our setups and
therefore it could be improved. In our implementation, the lo-
cal preconditioner is a block-diagonal matrix. When it multiplies
the Jacobian, it destroys the non-local derivatives in the left-hand
side of Eq. 35, and therefore it has a similar effect as the adop-
tion of a local approximate operator in the RH92 method. How-
ever, one should bear in mind that the preconditioner should be
kept to be easily invertible and calculable thus leaving a narrow
space for improvement. For that matter we provide two possible
routes to calculate a more suitable preconditioner. The first op-
tion deals with the single point quadrature approximation of the
RTE from Scharmer & Carlsson (1985). An approximation of
this kind could greatly simplify the calculations of the non local
part of the Jacobian matrices therefore providing a more accurate
preconditioner than the Jacobi one. The second, more related to
the JFNK formalism is presented in Chen & Shen (2006) and
deals with an adaptative preconditioning technique. Shortly, one
can take advantage of the matrix vector products calculated by
a Krylov solver to iteratively update the preconditioner. It also
allows the computation of a non local contribution to the pre-
conditioner.

Another upgrade one may implement deals with the initial
guess provided to the JFNK solver. In this paper, we used two
possible initial guesses which are the LTE and the zero radiation
ones. However, there might be other possibilities more suited for
a Newton-based method applied to the radiative transfer problem
such as the JFNK one. For instance, the population densities can
be initialized with the ones derived from the escape probability
theory (e.g., Hubeny & Mihalas 2014; Judge 2017).

In this paper we have only considered 1D plane-parallel
NLTE problems. The extension to 3D geometry could be possi-
ble with some considerations. First, 3D radiative transfer codes
are usually domain-decomposed for parallelization purposes
(Leenaarts & Carlsson 2009), where each processor or machine
has only access to the properties of the atmosphere, opacities,
emissivities and population densities within one subdomain. In
order to implement the inner Krylov solver we would need to
collect all population densities from all subdomains and keep
the vector basis of the Krylov subspace in one manager task.
The key part is the evaluation of Eq. 33, which applies a per-
turbation to the population densities over the entire domain. The
manager would need to propagate the relevant perturbed popu-
lation densities to each subdomain, but the calculation of J can
be done the same domain-decomposed way. The cost is one extra
communication from the manager to the worker tasks per Krylov
iteration. By today memory standards in high-performance com-
puting centers, this approach should be reasonably doable.
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Fig. 9. Ca ii (6 levels) spectrum. In black: output from the RH92 solver. In blue: output from the JFNK solver (GMRES) with a Krylov tolerance
of 10−2.
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Fig. 10. 6-level H ispectrum. In black: output from the RH92 solver. In blue: output from the JFNK solver (GMRES) with a Krylov tolerance of
10−2.

4. Conclusion

We present a Jacobian-Free Newton-Krylov method to solve the
multi-level NLTE radiative transfer problem assuming statistical
equilibrium. Our implementation shows a similar convergence
as the Newton-Raphson method, without ever building the full
Jacobian matrix explicitly. We have solved the NLTE problem
assuming plane-parallel geometry and the FALC model for a 3-
level Ca ii as well as 6-level Ca ii and H i atoms, which have been

commonly used in solar physics applications. In this study, we
have shown that our solver can converge faster than other meth-
ods based on linearization, such as RH92. The improvement in
the convergence rate is atom dependent, but it is usually a fac-
tor 1.5 − 2 in the best cases. The latter is evaluated in terms of
the number of formal solutions needed to converge the problem.
However, we note that the JFNK formal solutions are faster as
no cross-terms summations are required compared to RH92. The
downside to our method is that it relies on an appropriate elec-
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Fig. 11. Velocity gradient convergence test for the different solvers. Top left panel: the line-of-sight velocity profile used for the test. Top right
panel : the associated convergence plot for the 6-level Ca ii setup with a Krylov tolerance of 10−2 and initial LTE population densities. Note that all
the solvers require more iterations to converge than in the case shown in Fig. 6. Bottom panel: converged spectrum including the velocity gradient
for RH92 (black) and JFNK (GMRES) (blue). A JFNK (GMRES) velocity-free reference spectrum (dashed black) is also shown. There is clearly a
blue shift occurring near the lines center due to the positive velocity gradient at the base of the chromosphere, resulting in very asymmetric output
lines.

tion of the convergence tolerance for the Krylov inner solver.
Our sensitivity study seem to indicate that an optimal perfor-
mance can be attained when the tolerance is set in the range of
10−3 − 10−2.

In order to increment the accuracy of the Newton-Raphson
correction per iteration, we have augmented the precision of the
formal solver using complex numbers. This change was required
given the enormous dynamic range of the atomic level popula-
tion densities from the photosphere to the transition region.

Compared to other studies that have used Krylov-subspace
methods to iteratively solve the linear 2-level atom problem (e.g.,
Hubeny & Burrows 2007; Anusha et al. 2009; Janett et al. 2024),
our method handles multi-level non-linear problems. Given that
the Jacobian matrix does not need to be explicitly computed in
each iteration, this method becomes particularly interesting for
more complex problems, which we briefly discuss hereafter as
future prospects.
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The more obvious application relates to problems where
partial redistribution effects of scattered photons are important.
While several efficient solutions are available for the 2-level
atom problem (e.g., Scharmer 1983; Paletou & Auer 1995),
similar methods for multi-level problems suffer from important
limitations. For example, Hubeny & Lites (1995) presented a
PRD method based on the complete linearization approach of
Scharmer & Carlsson (1985), which does not consider overlap-
ping active transitions. Uitenbroek (2001) overcomes that limi-
tation by using the RH92 formalism and performing two itera-
tive cycles, separating the correction to the atomic level popu-
lation densities and the correction to the emissivity profile. The
method converges, but it requires several evaluations of the re-
distribution integral per iteration. The method presented in this
manuscript shows great potential to accelerate the convergence
of PRD problems, since it does not require any explicit lineariza-
tion of the problem.

Another extension could be the inclusion of charge conserva-
tion when H atoms are solved. The idea would be to add another
conservation equation and update the electron density in each
iteration as the ionization of H is usually dominant in the chro-
mosphere. Previous studies have included such corrections, but
needed to perform Newton-Raphson iterations due to the non-
linear dependencies of the Saha equation and the rate equations
with the electron density (e.g., Leenaarts et al. 2007; Bjørgen
2019). Since we do not perform any explicit linearization of the
rate equations or the transfer equation, and we are already using
Newton-Raphson iterations, the inclusion of charge conservation
could be very efficient and relatively straight-forward.
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Appendix A: Discretization coefficients

Appendix A.1: Piecewise linear RTE
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k
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µν

bk =
1 − e−∆τ

k
µν
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− e−∆τ
k
µν (A.1)

Appendix A.2: Derivatives of the intensity

For outgoing rays (µ > 0):
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when k < Nz − 1 otherwise one can set the coefficients to zero. For ingoing rays (µ < 0):
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ak−1 (A.8)

dk
η =

S k−1
µν

ηk−1
µν

bk−1 (A.9)

when k > 1 otherwise one can set the coefficients to zero.
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Appendix B: Full Jacobian with background
scattering terms

Let us recall Eq. 49 with different indices:(∂Ii
jν

∂nℓr

)
= βℓr

( ∂Ii
jν

∂χℓjν

)
+ γℓr

( ∂Ii
jν

∂ηℓjν

)
+

∑
p

χ
p
sca

(
∂Jp

ν

∂nℓr

)( ∂Ii
jν

∂η
p
jν

)
(B.1)

If we develop the mean intensity term using the angular quadra-
ture scheme with weights ωµ, one can write:

(∂Ii
jν

∂nℓr

)
= βℓr

( ∂Ii
jν

∂χℓjν

)
+ γℓr

( ∂Ii
jν

∂ηℓjν

)
+

∑
p

χ
p
sca

( ∂Ii
jν

∂η
p
jν

)∑
q

ωq

(∂Ip
qν

∂nℓr

)
(B.2)

Going any further requires to simplify the notations to keep as
much clarity as possible. Let us define the following quantities:

Mi j =

(∂Ii
jν

∂nℓr

)
(B.3)

Bi j = βℓr

( ∂Ii
jν

∂χℓjν

)
+ γℓr

( ∂Ii
jν

∂ηℓjν

)
(B.4)

Qk
i j = χi

sca

( ∂Ik
jν

∂ηi
jν

)
(B.5)

were we have omitted the indices r, ℓ, ν. From this point, we will
no more mention nor write these indices, however it should be
noted that the final solution should be computed for them as well.
Equation B.2 can now be expressed as:

Mi j −
∑

p

Qi
p j

∑
q

ωqMpq = Bi j (B.6)

In the latter equation the unknowns one is seeking for are the
coefficients Mi j. Equation B.6 can also be expressed as:

xi −
∑

p

⟨xp,Ω⟩(Qi)⊺ep = bi (B.7)

where xi = (Mi1, ...,MiNµ
)⊺, bi = (Bi1, ..., BiNµ

)⊺, Ω =

(ω1, ..., ωNµ
)⊺ and Qi the matrix associated to the coefficients Qi

kl.
The vector ep is the pth canonical basis vector. At this point, the
unknowns are gathered into the vectors xi. It should be mention
that if the background scattering is ignored, xi = bi and the so-
lution is therefore simple. Otherwise, let us dot product Eq. B.7
with Ω to obtain:

ri −
∑

p

Aiprp = bΩ,i (B.8)

where ri = ⟨xi,Ω⟩, bΩ,i = ⟨bi,Ω⟩ and Ai j = [QiΩ] j. The equa-
tion can also be written using matrix notations to obtain:

(I − A)r = bΩ (B.9)

were I is the identity matrix. This is a simple linear system of
unknown r for which the solution is:

r = (I − A)−1bΩ (B.10)

but can be simplified into:

r ≈ (I + A)bΩ (B.11)

if the background scattering is weak. Introducing this result in
equation B.7 gives the final solution:

xi = bi +
∑

p

rp(Qi)⊺ep (B.12)

and if the background scattering is weak:

xi ≈ bi +
∑

p

bΩ,p(Qi)⊺ep (B.13)

Article number, page 17 of 17


	Introduction
	Problem & Methods
	Mathematical description of the problem
	Theory
	Discretization of the RTE

	The Newton-Raphson method
	Basics
	Limitations of the Newton-Raphson method

	Iterative inversion: Krylov methods
	Jacobian-Free Newton-Krylov methods
	Setup
	Augmentation of numerical precision with complex numbers
	Preconditioning

	Analytical Jacobian matrix
	Preconditioning of JFNK with the analytical Jacobian matrix


	Results & Discussion
	Setup
	Krylov solver tolerance impact
	Performance of the solver
	Calculations with velocity gradients
	Prospects

	Conclusion
	Discretization coefficients
	Piecewise linear RTE
	Derivatives of the intensity

	Full Jacobian with background scattering terms

